ABSTRACT. la this survey we present two Mittag-Lefller lemmas arad several applications to topics as varied as the O-equatiora, FYéchet algebras, inductive limits of Baraach spaces and quasi-normable Fréchet spaces.
INTRODUCTION
The classical Mittag-Leffier titeorem asserts tite existerace of meromorpitic furactions witit prescribed poles arad singular parts. If tite prescribed poles form a finite set, titen it is clear tItat tite sum of tite corresporadirag singular parts is a furaction witit the desired properties. Rut ira tite general case, titat is witera tite prescribed poles form a sequerace wititout accumulation poirats, titen tite corresporadirag series of singular parts is not raecessarily convergent. Rut titen, by means of suitable correctioras of tite terms of tite series, so as to make it coravergent, one obtains a furactiora witit the desired properties. . 
Mujica
Sucit a procedure itas been so widely used ira araalysis, titat itas become known as Miitag-Leffier procedure. Several general results witose proofs follow sucit a procedure are oftera calied Miilag-Leffler lemnias or Millag-Leffler absírací liteorerns. Ira titis survey we preserat two sucit lemmas arad several applications to topics as varied as tite O equatiora, Frécitet algebras, iraductive limits of flaraacit spaces arad quasi-raormable Frécitet spaces.
Titis is tite esgeratial conterat of a lecture delivered at tite IV Chilean Symposium of Mathematics, iteld at tite Universidad de Santiago from September 27 to October 1,1993. 1 wisit to titarak tite orgaraizers of tite symposiurn for titeir Idrad invitation arad financial support.
MITTAG-LEFFLER LEMMAS
Sirace we will be dealirag witit projective limits, we recali tite deflraitioras. Let (X~) 161 be a family of noravoid sets, iradexed by a directed set 1. Suppose titat for eacit pair of indices i,j witit i =5 titere is a mapping ¿q : -* X, sucit titat ¿jj is the identity mapping ora for every i arad ¿15 o~= ¿ik witenever i = 1 < le. Titen tite coliectiora (X1, ¿iJ is said to be a projeclive syslem, arad tite set
is calied tite projeclive limil of tite sets X1 arad Ls deraoted by proj X1. Tite canonical mappirag X -* X, is denoted by ¿~. If eacit X~is a topological space (resp. a group, a vector Epace, etc.) arad eacit ¿~j is contirauous (resp. a itomomorpitism, linear, etc.), titen X is a topological space (resp. a group, a vector space, etc.) as a subset of tite próduct fl161X1 arad each ¿, is coratinuous (resp. a itomomorphism, linear, etc.). [8] . We sitahl derive titis lemma from Coroliary 1.3. 
Titen (y'») E IIY'», but titere is no guararatee titat (y'») E Y. Tite idea is to find a sequence of correctioras z'», witit z'» E X'» for every m E ti,
for every rn E U, titis wiil complete tite proof. Titus we warat to firad
for every mE ti. Now since (z'») E Z we itave that
(1.8)
Comparing (1.7) and (1.8) we see titat to complete tite proof it suifices
for every n~E ti. Now let ¿'»,'»~í : X'»~1 -* X'» de defiraed by
for every x E X'»~í, arad let 1 denote tite projective limit of tite complete metric spaces X,» witit respect to tite linking mappings ¿'»,'»+í X'»+i -* X,». If we use (1.6), titen a straigittforward verificatiora sitows titat ____________ ¿~»,'»+~(X'»+í) tE ¿m,'»+dX'»+2) for every mE ti.
If we set 2"» = ¿,»,'»+í(Xrn+í) for every m E ti, titen Corollary 1.3 applies arad guarantees titat Xis noravoid.
Titis a.citieves (1.9) arad completes the proof.
Let us mention titat Petzscite [20] derives tite classical Mittag-Leffler titeorem from Lemma 1.5, witereas Esterle [6] derives tite Baire category titeorem and tite classical Mittag-Leffier theorem from Coroliary 1.4.
1.6. Remark. Ira ah of tite preceding lemmas we required titat X = pro] X'» be tite projective limit of a sequence of complete metric spaces. Ara examination of tite proofs sitows titat tite coraclusioras remaira true if X = pro] X'» is tite projective limit of a sequence of pseudometric spaces with tite property that whenever (a,,) is a Cauchy sequerace ira X'».~í, titen tite sequerace (¿'»,'»+da,,)) itas a unique limit ira X'». 
THE O EQUATION ON POLYNOMIALLY CONVEX DO-MAINS

p,q-.i(U) -
C~(U)
Titen tite mappings O + ir(a,,) Titen E = proj E'» arad X = proj X'». U~X'»+, ' denotes tite natural rnapping, titen it follows from Lemma 3.2 titat 2"» c E,»,'»+íCF'»+í) for every m E EV. By Corollary 1.3 X is nonvoid.
C~(K'»)
Ira a similar maraner we cara use Corollary 1.3 to prove anotiter result of Brooks, raamely [5, Titeorem 2.4].
INDUCTIVE LIMITS OF A BANACH SPACES
We recail titat uf F is a Fréchet Epace, titen tite iraduclive dual 17 of E is tite inductive limit of tite Baraacit spaces (F')vo, witere (V'») is any basis of coravex, balanced, 0-raeigItboritoods ira E. It follows from tite work of Grotiteradieck (see [10, Titéoréme 6] ) titat 17 is always complete.
We refer to Bierstedt's survey [2] for information on tite inductive dual. tet E = md E'» be tite inductive Jimit of an iracreasing sequence of Baraacli spaces. Ira [15, Titeorem 1] we proved titat if titere is a Hausdorff locally convex topology r on E sucit titat tite closed unit bali of eacit E'» is r-compact, titen E is topologica]ly isomorpitic to 17 for a suitable
Frécitet space E. Ira particular E is complete.
Witen tryirag to apply titis titeorem ira concrete situatioras, it is natural to seek for a Hausdorff locally coravex topology y'» ora eacit E'» sucit that:
(a) tite iraclusiora mapping (E'»<r'») '-* (E'»+i<r'»+i) is contirauous;
If tite iraductive Iimit (E,r) := md (E'»,r'») is Hausdorff, titen tite precedirag theorem directly applies. Rut ira certaira situatioras it may be difficult to prove titat (E, r) is Hausdorff. Herace tite followirag variarat of tite precedirag titeorem is sometimes more useful. 
Proof. If we set
titen E'» is a Baraacit space for tite raorm llsoL¡ = sup ¡sol, arad E cara be Bm canonicahly identifled witit proj E'». Let R'» : E -+ E'» arad R'»» E» -* F'»(m < vi) denote tite restriction mappirags. Let J : E -* E' arad J'» : E'» -* E4, denote tite evaluatiora mappings. By a result of Waelbroeck [21] arad Ng [17] , J'» is an isometric isomorpitism for every rn E ti. Since E = proj E'», it is clear tItat J is surjective, but it is far from clear titat J is injective. We sitail prove titat E is iradeed irajective.
Since 17 = md E,',,, it will foliow titat J : E -~17 is a topological isomorpitism. Now since tite following diagram is commutative,
we see titat tite dual mappirag R~,,,»+í : E,'» -. F,'»~1 is injective. By tite Haitra-Banacit titeorem tite mappirag R'»,'»+i : F,»+í -* E'» itas a dense range for every rn E ti. By Corollary 1.4 tite mappirag R'» : E -* E'» itas a derase range as well, arad iterace tite dual mapping R"» : E,'» -> E' is irajective. Sirace tite foliowing diagram is cominutative,
E,',, S.F'
we see titat tite mappirag J: E -* E' is injective, as we wanted.
Tite foliowing corollary improves a result of Floret [ It follows from Grotiteradieck's citaracterization of tite completion titat each E'» coincides witit O'», arad iterace E coincides witit O.
1 obtairaed titese results ira 1986, but did raot publisIt titem. 1 communicated tite results to Klaus Bierstedt, wito quoted titem wititout proofs ira itis survey ora inductive limits (see [2, Titeorem 3.15] ).
QUASI-NORMABLE FRECHET SPACES
Qua.si-normable spaces were iratroduced by Grotiteradieck [10] . A Frécitet space E is said to be quasi-raormable uf it itas a decreasing basis of closed, coravex, balanced 0-raeigitboritoods U'» sucit titat for eacit m E ti and eacit e > O titere is a bounded set B tE E such titat U'»~1 tE sU'» + B (5.1)
Tite followirag titeorem is part of a result of Bonet [4] . 
